Within the context of massive N -component φ 4 scalar field theory, we use asymptotic Padéapproximant methods to estimate from prior orders of perturbation theory the five-loop contributions to the coupling-constant β-function β g , the anomalous mass dimension γ m , the vacuum-energy βfunction β v , and the anomalous dimension γ 2 of the scalar field propagator. These estimates are then compared with explicit calculations of the five-loop contributions to β g , γ m , β v , and are seen to be respectively within 5%, 18%, and 27% of their true values for N between 1 and 5. We then extend asymptotic Padé-approximant methods to predict the presently unknown six-loop contributions to β g , γ m , and β v . These predictions, as well as the five-loop prediction for γ 2 , provide a test of asymptotic Padé-approximant methods against future calculations. * email: zohar@apmaths.uwo.ca † email: steelet@sask.usask.ca 1 The final constant term in (1) is of relevance only for the calculation of βv(g) [6], and has not been incorporated in calculations [7] of βg(g), γm(g), and γ 2 (g).
A substantial body of work [1, 2, 3, 4, 5] already exists in which Padé-approximant methods are utilized to predict higher order corrections in quantum field theoretical calculations. In the present letter, we apply such methods to the coupling-constant β-function β g (g), the anomalous mass dimension γ m (g), the anomalous scalar-field propagator dimension γ 2 (g), and the vacuum-energy β-function β v (g) for a massive φ 4 N -component scalar field theory based on the Lagrangian 1
Specifically, we utilize the asymptotic Padé algorithm described in refs. [2] and [3] to compare predictions of five-loop contributions to β g (g), γ m (g), and β v (g) to their now-known [7, 8] calculated values. These predictions are seen to be startlingly successful for β g (g), and for up to five scalar field components, are generally within 20% of the correct value for the five-loop term in γ m (g) and β v (g). We then adapt asymptotic Padé methods to predict the presently unknown five-loop contribution to γ 2 (g) and six-loop contributions to β g (g), γ m (g), and β v (g), with the hope that these predictions may be tested against six-loop calculations in the not too distant future. The asymptotic Padé approximant methods we employ are directed toward perturbative field-theoretical series of the form
where x typically denotes a field-theoretical coupling constant. Unknown coefficients R N+M +1 are estimated via [N |M ] Padé approximants whose Maclaurin expansions reproduce known coefficients R 1 -R N+M :
Within a quantum field-theoretical context in which coefficients R k are expected to diverge like k!C k k γ [9] , it has been argued [2, 4, 5] that the relative error in using an [N |M ] Padé approximant to estimate the coefficient R N+M +1 satisfies the asymptotic error formula
where {A, a, b} are constants to be determined. Within the context of [N |1] approximants (i.e. M = 1), the Padé prediction for R N+2 is R 2 N+1 /R N , and the error formula (4) simplifies to
Noting that R 0 ≡ 1 in (2), one easily sees from (5) that [2, 3]
We further note from (5) that the [2|1] Padé prediction for R 4 can be corrected by the asymptotic error formula to yield the following result [3] :
The final expression in (7) is obtained via (6), with
We first test this asymptotic Padé-approximant prediction (APAP) for R 4 against the known values of the coefficients R 1 . . . R 4 in the coupling-constant β-function for the scalar field theory (1):
The coefficients R 1 , R 2 , R 3 and R 4 have been calculated explicitly [7] , and are tabulated in Table 1 .
The APAP prediction for R 4 , as obtained via (7) from prior coefficients (R 1 . . . R 3 ) is also tabulated as R AP AP 4
in Table 1 . The relative error
is seen to be astonishingly small (0.2%) for single-component (N = 1) scalar field theory, and remains less than 5% for N ≤ 5. 2 We have repeated the above procedure for coefficients R 1 -R 4 , as extracted from ref. [7] , in the anomalous mass dimension γ m (g):
These values are tabulated in Table 2 for N = {1, 2, 3, 4, 5}. The APAP prediction for R 4 , as obtained via (7) from R 1 , R 2 , R 3 , is within 10.4% of the true value for a single component scalar field (N = 1), and becomes progressively less accurate as the number of scalar field components increases. Nevertheless, even the five-component APAP estimate of R 4 differs from the true value by only 18.3%, remarkable accuracy for a five-loop estimate that is obtained entirely from lower-order perturbative contributions. We suspect the somewhat diminished accuracy in the estimate of the five-loop contribution of γ m , as compared to that for β g , may be a consequence of the value for R 1 remaining static at −5/6 while R 2 , R 3 , and R 4 are all seen to increase in magnitude with the number of scalar-field components N . Indeed, a similar situation arises for the vacuum-energy β-function β v (g), as defined and calculated in [6] and [8] for the N -component massive scalar-field theory (1):
In the above expression, R 1 is clearly zero for all N . Consequently, APAP estimates for R 4 obtained via (7) are simply R 2 3 /(2R 2 )
. Surprisingly, such an estimate does substantially better than R 2 3 /R 2 , the naive estimate of R 4 from the [2|1]-approximant, as is evident from Table 3 . We note that R AP AP 4 actually improves in accuracy with increasing N ; the relative error in R AP AP 4 decreases from 27% to 18% as N increases from 1 to 5.
The five-loop contribution to the scalar-field anomalous dimension γ 2 has not, to our knowledge, been calculated. Only contributions up to four-loop order are listed in ref. [7] . These results, when expressed in the form
are tabulated in Table 4 . The algorithm (7) is used to predict R 4 , the presently unknown five-loop contribution. A genuine test of the asymptotic error formulae (4) would be to compare the final column of Table 4 with the results of a five-loop calculation. It is perhaps of even greater value to see if the success already evident in APAP predictions of fiveloop terms for β g (g), γ m (g), and β v (g) carry over to the next order of perturbation theory, by extending the APAP procedure based on the error formula (4) to estimate six-loop order contributions (R 5 ) from lower-order terms in perturbation theory. We note from (5) that
We seek to improve upon (6) by incorporating knowledge of R 4 , hence of δ 4 , into A and (a + b). Since this applies the asymptotic error formula at a larger value of N , the results of the constants in (4) should be more accurate. The equations
Noting from (5) 
, we obtain the asymptotic error formula prediction
The final column of Table 1 lists this APAP prediction of the six-loop term R 5 for N = {1, 2, 3, 4, 5} In view of the accuracy already noted in the APAP prediction of the five-loop contribution to β g (g), a comparison of this column's entries to an explicit calculation of the six-loop contributions to the β-function would be of evident value. For completeness, we have also added to Tables 2 and 3 predictions of the six-loop contributions to γ m (g) and β v (g), as obtained from (16). Kastening has already noted [8] that the six-loop contribution to β v (g) is perhaps the easiest six-loop quantity in scalar field theory to calculate. Perhaps a direct comparison of such a calculation to the final column of Table 3 will be possible in the near future.
We are grateful for support from the Natural Sciences and Engineering Research Council of Canada. Table 1 : The coefficients R 1 -R 4 in the coupling-constant β-function β g (g), as defined in (8) and as calculated in ref. [7] for an N -component massive φ 4 scalar field theory. The quantity R AP AP 4 is the asymptotic Padé-approximant estimate of the five-loop contribution R 4 , and E is the relative error defined in (9) between this estimate and R 4 's true value. The quantity R AP AP 5 is the asymptotic Padé estimate of the six-loop contribution to β g (g).
-36.53981 338.8796 276.80 0.183 +1446 Table 2 : The coefficients R 1 -R 4 in the anomalous mass dimension γ m (g), as defined in (10) and as calculated in [7] . The quantity R AP AP 4 is the asymptotic Padé-approximant estimate of the five-loop term R 4 , E is the relative error in this five-loop term [eq. (9)], and R AP AP 5 is the asymptotic Padéapproximant estimate of the six-loop contribution to γ m (g). Table 4 : The coefficients R 1 , R 2 , R 3 in the in the anomalous dimension γ 2 of the scalar field propagator, as defined in (12) and extracted from ref. [7] . The quantity R AP AP 4 is the asymptotic Padé-approximant estimate of the five-loop term.
